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SUPERCHARACTERS OF QUEER LIE SUPERALGEBRAS
SHUN-JEN CHENG†
Abstract. Let g = g0¯ ⊕ g1¯ be the queer Lie superalgebra and let L be a finite-
dimensional non-trivial irreducible g-module. Restricting the g-action on L to g0¯, we
show that the space of g0¯-invariants L
g
0¯ is trivial. As a consequence we establish a
conjecture first formulated by Gorelik, Grantcharov and Mazorchuk on the triviality
of the supercharacter of irreducible g-modules in the case when the modules are finite
dimensional.
1. Introduction
Let g = g0¯⊕g1¯ be the queer Lie superalgebra. Let b be its standard Borel subalgebra
and h = h0¯⊕h1¯ be its standard Cartan subalgebra (see Section 2.1). We denote by O the
BGG category of U(b)-locally finite, h0¯-semisimple, finitely generated U(g)-modules.
Unless otherwise stated, the morphisms in O are all (not necessarily even) morphisms.
For an object M =M0¯ ⊕M1¯ in O and µ ∈ h
∗
0¯
, let
Mµ := {m ∈M |h ·m = µ(h)m, for h ∈ h0¯}
stand for its µ-weight space. Thus, we have the weight space decomposition:
M =
⊕
µ∈h∗
0¯
Mµ =
⊕
µ∈h∗
0¯
Mµ,0¯ ⊕
⊕
µ∈h∗
0¯
Mµ,1¯.
The character and supercharacter of M are
chM =
∑
µ∈h∗
0¯
dimMµe
µ, schM =
∑
µ∈h∗
0¯
(
dimMµ,0¯ − dimMµ,1¯
)
eµ,
respectively, where e is a formal indeterminate.
While the irreducible character problem has been studied extensively in the litera-
ture because of its obvious importance in the representation theory of the queer Lie
superalgebra (see e.g. [Pe, PS2, Br, Sv2, CC, CK, CKW, BD, SZ] for a sample), for
supercharacters it is expected that the following should hold.
Conjecture 1.1. [GG2, Conjecture 2.4] Let L(λ) be the irreducible highest weight
modules in O of highest weight λ. Suppose that λ 6= 0. Then
schL(λ) = 0.
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In [GG2] Grantcharov and Gorelik also credit Mazorchuk for this conjecture, so we
refer to this conjecture as the Grantcharov-Gorelik-Mazorchuk conjecture. An aim of
this paper is to prove the following.
Theorem 1.2. Let L(λ) be the finite-dimensional irreducible module in O of highest
weight λ. Suppose that λ 6= 0. Then
schL(λ) = 0.
As every finite-dimensional g-module is completely reducible over g0¯, we immediately
have the following corollary of Theorem 1.2.
Corollary 1.3. Let L(λ) be the irreducible finite-dimensional irreducible module in O
of highest weight λ. Suppose that λ 6= 0. Then as a g0¯-module we have L(λ)0¯
∼= L(λ)1¯.
One may ask if an analogous statement as Corollary 1.3 remains valid for infinite-
dimensional L(λ) ∈ O as well [GG1, 2.2.1].
A problem related to Conjecture 1.1 turns out to be the following: Let L(λ) be as
above. We can restrict the action of g on L(λ) to its even subalgebra g0¯
∼= gl(n) and
consider L(λ) as a gl(n)-module. A main result in this article is the following.
Theorem 1.4. Let λ 6= 0 and let L(λ) be the finite-dimensional irreducible g-module of
highest weight λ, which we regard as a g0¯ = gl(n)-module. Then the trivial g0¯-module
does not appear as a composition factor of L(λ).
In Section 3 we prove Theorem 1.4 using the combinatorics of Brundan’s Kazhdan-
Lusztig theory for finite-dimensional integer weight modules of the queer Lie super-
algebras [Br]. Also, as we shall see in Proposition 3.2, Theorem 1.4 indeed implies
Theorem 1.2. However, we shall see in Remark 3.8 that an analogous result as The-
orem 1.4 does not hold for infinite-dimensional L(λ) in general, although it does hold
for all but a finite number of irreducible modules (see Proposition 3.5). This in turn
settles Conjecture 1.1 for all but a finite number of irreducible modules in the BGG
category O.
Notation. We use N, Z and Z+ to denote the sets of natural numbers, integers, and
non-negative integers, respectively. Here and below we let m,n ∈ Z+ and set
I(m|n) := {−m,−m+ 1, . . . ,−1} ∪ {1, 2, . . . , n}.
The category with the same objects as the BCC category O, but with only even mor-
phisms is denoted by O0¯. The Grothendieck group of O will be denoted by K(O),
etc.
Let C be a category of modules. For an object M of finite length and an irreducible
object L, we shall use [M : L] to denote the number of composition factors of M that
are isomorphic to L in C.
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2. Preliminaries
Besides setting up additional notations, in this section, we shall recall some ba-
sic results on the queer Lie superalgebra and its representation theory along with
its connection with symmetric functions. To be more specific, we shall recall coho-
mological induction suitably adapted to the queer Lie superalgebra and Brundan’s
Kazhdan-Lusztig theory for the queer Lie superalgebra in Section 2.2 and 2.4, respec-
tively. Schur P -Laurent polynomials are recalled in Section 2.3 together with their
q(n)-representation-theoretical interpretation.
2.1. The queer Lie superalgebra. Let Cm|n be the complex superspace of super-
dimension (m|n) and let gl(m|n) be the general linear Lie superalgebra of linear transfor-
mations on Cm|n. Choosing homogeneous ordered bases {v−m, . . . , v−1} and {v1, . . . , vn}
for Cm|0 and C0|n, respectively, we may realize gl(m|n) as (m+ n)× (m+ n) complex
matrices of the form (
A B
C D
)
,(2.1)
where A,B,C and D are respectively m ×m,m × n, n ×m, and n × n matrices. Let
Ea,b be the elementary matrix in gl(m|n) with (a, b)-entry 1 and all other entries 0,
where a, b ∈ I(m|n).
For m = n, the subspace
g := q(n) =
{(
A B
B A
)∣∣∣∣ A,B : n× n matrices
}
(2.2)
forms a subalgebra of gl(n|n) called the queer Lie superalgebra.
The set {eij , e¯ij |1 ≤ i, j ≤ n} is a linear basis for g, where eij = E−n−1+i,−n−1+j+Ei,j
and e¯ij = E−n−1+i,j +Ei,−n−1+j. The even subalgebra g0¯ is spanned by {eij |1 ≤ i, j ≤
n}, and hence is isomorphic to the general linear Lie algebra gl(n). The odd subspace
g1¯ is isomorphic to the adjoint module.
Let h = h0¯ ⊕ h1¯ be the standard Cartan subalgebra of g, with linear bases {eii|1 ≤
i ≤ n} and {e¯ii|1 ≤ i ≤ n} of h0¯ and h1¯, respectively. Let {δi|1 ≤ i ≤ n} be the
basis of h∗
0¯
dual to {eii|1 ≤ i ≤ n}. We define a symmetric bilinear form (, ) on h
∗
0¯
by
(δi, δj) = δij , for 1 ≤ i, j ≤ n.
We denote by Φ the set of roots of g and by Φ+ the set of positive roots in its
standard Borel subalgebra b = b0¯ ⊕ b1¯, which consists of matrices of the form (2.2)
with A and B upper triangular. We have Φ+ = {δi − δj |1 ≤ i < j ≤ n}. The root
space gα has super-dimension (1|1), for all α ∈ Φ. Set
ρ =
1
2
∑
α∈Φ+
α.
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The Weyl group of g is the Weyl group of the reductive Lie algebra g0¯, which is the
symmetric group Sn in n letters. It acts naturally on h
∗
0¯
by permutation of the δis. For
α = δi − δj ∈ Φ
+, i < j, we let α := δi + δj .
Let λ =
∑n
i=1 λiδi, λi ∈ C, be an element in h
∗
0¯
, and consider the symmetric bilinear
form on h∗1¯ defined by 〈·, ·〉λ := λ([·, ·]). Let ℓ(λ) be the number of i’s with λi 6= 0. Let
h′
1¯
be a maximal isotropic subspace of h1¯ associated to 〈·, ·〉λ. Put h
′ = h0¯⊕h
′
1¯
. Let Cvλ
be the one-dimensional h′-module of even parity with action defined by h · vλ = λ(h)vλ
and h′ · vλ = 0 for h ∈ h0¯, h
′ ∈ h′
1¯
. Then
Iλ := Ind
h
h′Cvλ
is an irreducible h-module of dimension 2⌈ℓ(λ)/2⌉ (see, e.g., [CW, Section 1.5.4]), where
here and below ⌈·⌉ is the ceiling function. We let ∆(λ) := IndgbIλ be the Verma module,
where Iλ is extended to a b-module in a trivial way, and define L(λ) to be the unique
irreducible quotient of ∆(λ). Note that ∆(λ) and L(λ) are unique up to g-isomorphisms
in O.
For λ ∈ h∗
0¯
, let χλ denote its central character (see, e.g., [CW, Section 2.3.1]). Let
λ, µ ∈ h∗
0¯
. We have χλ = χµ, if and only if there exist w ∈ Sn and {α1, . . . , αs} ⊆ Φ
+
with (αi, αj) = 0, for i 6= j, and complex numbers ki, 1 ≤ i ≤ s, such that
µ = w
(
λ−
s∑
i=1
kiαi
)
,
where (λ, αi) = 0, for all i = 1, . . . , s [Sv1] (see also [CW, Theorem 2.48]. We write
λ  µ, if χλ = χµ and λ− µ ∈
∑
α∈Φ+ Z+α.
Let Π be the parity-reversing functor. Then Iλ ∼= ΠIλ in O
0¯ if and only if ℓ(λ) is
odd, and hence ∆(λ) ∼= Π∆(λ) in O0¯ if and only if ℓ(λ) is odd.
Below we will often deal with g0¯-modules as well. In these occasions we shall use
an upper-script 0 to denote the corresponding gl(n)-modules. For example, ∆0(λ) and
L0(λ) denote the g0¯-Verma and irreducible module of highest weight λ ∈ h
∗
0¯
with respect
to the Borel subalgebra b0¯, respectively.
2.2. Dual Zuckerman functor. Let b ⊆ p ⊆ g be parabolic subalgebras with corre-
sponding Levi subalgebras h ⊆ l ⊆ g, respectively. Let HC(g, l0¯) be the category of g-
modules that are direct sums of finite-dimensional simple l0¯-modules, and let HC(g, g0¯)
be defined similarly. Let Lg,l be the dual Zuckerman functor fromHC(g, l0¯) toHC(g, g0¯)
as in [San, Section 4], which is a right exact functor. For i ≥ 0, we denote by Lg,li its
ith derived functor. For M ∈ HC(g, l0¯), we let
Eg,l(M) :=
∑
i≥0
(−1)iLg,li (M)
be the Euler characteristic of M , which we regard as a virtual g-module.
By the same arguments as in [San, Sections 4 and 5], one establ
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Proposition 2.1. Let λ ∈ h∗
0¯
be such that the irreducible l-module L(l, λ) with highest
weight λ is finite dimensional so that M := IndgpL(l, λ) ∈ HC(g, l0¯).
(1) The g-module Lg,l0 (M) is the maximal finite-dimensional quotient of M .
(2) The g-module Lg,li (M) is finite dimensional for all i ≥ 0, and L
g,l
i (M) = 0 for
i≫ 0.
(3) The g-modules Lg,li (M) have the same central character.
(4) The character of the Euler characteristic of M is given by
chEg,l(M) = D−1
∑
w∈Sn
(−1)ℓ(w)w
(
chL(l, λ)∏
α∈Φ+(l)(1 + e
−α)
)
,
where Φ+(l) denotes the set of positive roots of the queer Lie superalgebra l and
D0¯ :=
∏
α∈Φ+
(eα/2 − e−α/2), D1¯ :=
∏
α∈Φ+
(eα/2 + e−α/2), D :=
D0¯
D1¯
.
Define the set of dominant weights to be
Λ+ := {
n∑
i=1
λiδi ∈ h
∗
0¯|λi − λi+1 ∈ Z+ for all i and λi = λi+1 implies λi = 0}.
For a weight λ ∈ h∗
0¯
, it is known that L(λ) is finite-dimensional if and only if λ ∈ Λ+
[Pe, Theorem 4].
Let ΛZ := {
∑n
i=1 λiδi ∈ h
∗
0¯
|λi ∈ Z} ⊆ h
∗
0¯
be the set of integer weights and let
Λ+Z := Λ
+ ∩ ΛZ
be the set of dominant integer weights.
For an element λ ∈ Λ+Z we suppose that it is of the form:
λ1 > · · · > λl > λl+1 = 0 = · · · = 0 = λk > λk+1 > · · · > λn.
Let l(λ) = h+q(k−l) be the maximal Levi subalgebra of g such that Iλ can be extended
to an l(λ)-module. Observe that q(k − l) acts trivially on Iλ. Set ρl =
1
2
∑
α∈Φ+(l) α.
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We compute the Euler characateristic of IndgpL(l(λ), λ) using Proposition 2.1(4):
chEg,l(IndgpL(l(λ), λ)) =
∏
α∈Φ+
eα/2 + e−α/2
eα/2 − e−α/2
∑
w∈Sn
(−1)ℓ(w)w
(
chL(l, λ)∏
α∈Φ+(l)(1 + e
−α)
)
=
∑
w∈Sn
w

 ∏
α∈Φ+
eα/2 + e−α/2
eα/2 − e−α/2
chL(l, λ)∏
α∈Φ+(l)(1 + e
−α)


=dimIλ
∑
w∈Sn
w

 ∏
α∈Φ+\Φ+(l)
eα/2 + e−α/2
eα/2 − e−α/2
∏
α∈Φ+(l)
eλ+ρl
(eα/2 − e−α/2)


= 2⌈ℓ(λ)/2⌉
∑
w∈Sn/Sk−l
w

 ∏
α∈Φ+\Φ+(l)
eα/2 + e−α/2
eα/2 − e−α/2
·
∑
σ∈Sk−l
σ

 ∏
α∈Φ+(l)
eλ+ρl
(eα/2 − e−α/2)




=2⌈ℓ(λ)/2⌉
∑
w∈Sn/Sk−l
w

eλ ∏
α∈Φ+\Φ+(l)
eα/2 + e−α/2
eα/2 − e−α/2

 ,
(2.3)
where in the last identity we have used the Weyl character formula for the trivial
gl(k − l)-module.
Below we shall simplify the notation for Eg,l(IndgpL(l(λ), λ)) to E(λ).
2.3. Symmetric functions. For µ a generalized partition of length n, the Schur Lau-
rent polynomial associated to µ is defined to be
sµ =
∑
w∈Sn
w

xµ1+n−11 xµ2+n−22 · · · xµnn ∏
i<j
1
xi − xj

 .
Recall that chL0(µ) = sµ, where we put e
δi := xi, for all 1 ≤ i ≤ n.
Recall further that for λ ∈ Λ+Z the Schur P -Laurent polynomial in x1, . . . , xn associ-
ated to λ is defined by
Pλ =
∑
w∈Sn/Sλ
w

xλ11 xλ22 · · · xλnn ∏
i<j,λi>λj
xi + xj
xi − xj

 ,(2.4)
where Sn/Sλ denotes the set of the minimal length left coset representatives of the
stabilizer subgroup Sλ of λ in Sn.
Identifying xi with e
δi we conclude by comparing (2.3) with (2.4) the following.
Proposition 2.2. ([PS2, Section 1.3],[Br, Theorem 4.11]) Let λ ∈ Λ+Z . Then
chE(λ) = 2⌈ℓ(λ)/2⌉Pλ.
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Recall the Weyl denominator identity
∑
w∈Sn
(−1)ℓ(w)ew(ρ) =
∏
α∈Φ+
(
eα/2 − e−α/2
)
,
which in turn implies that∑
w∈Sn
(−1)ℓ(w)e2w(ρ) =
∏
α∈Φ+
(
eα − e−α
)
.
Hence we get by the Weyl character formula the well-known identity:
chL0 (ρ) =
∑
w∈Sn
(−1)ℓ(w)ew(2ρ)∏
α∈Φ+ e
α/2 − e−α/2
=
∏
α∈Φ+
(
eα/2 + e−α/2
)
.(2.5)
Now let λ ∈ Λ+Z be such that all the λis in λ ∈ Λ
+
Z are distinct. In this case we have
Sλ = {e} and furthermore λ− ρ is a generalized partition and hence we have
Pλ =
∏
i<j
(xi + xj)
∑
w∈Sn
w

xλ11 xλ22 · · · xλnn ∏
i<j
1
xi − xj


=sρ+
∑n
i=1
n−1
2
δi
· sλ−ρ−
∑n
i=1
n−1
2
δi
=chL0(ρ) · chL0(λ− ρ) = ch
[
L0(ρ)⊗ L0(λ− ρ)
]
,
(2.6)
where in the second equality above we have made use of (2.5).
Since the Schur Laurent polynomials form a basis for the space of symmetric Laurent
polynomials, for any λ ∈ Λ+Z , we can write
Pλ =
∑
µ
gµλsµ, gµλ ∈ Q,(2.7)
where the sum is over all generalized partitions µ of length n. When λ is a strict parti-
tion, Pλ is a symmetric polynomial, and in this case in the sum on the right hand side
of (2.7) the non-zero summands are necessarily all Schur polynomials. Furthermore,
in this case it is known that gµλ ∈ Z+ [St, Theorem 9.3(b)]. Indeed, it follows from
[Br] that in general the coefficients gµλ in (2.7) lie in Z+ as well. We shall see this in
Remark 2.4 below.
2.4. Brundan’s irreducible character formula. Let λ =
∑n
i=1 λiδi ∈ Λ
+
Z . Let p be
the maximal integer such that there exist 1 ≤ i1 < i2 < · · · ip < jp < · · · j1 ≤ n with
λis + λjs = 0, for all 1 ≤ s ≤ p. Let I0 := {|λi|, 1 ≤ i ≤ n}. For each 1 ≤ s ≤ p we
define the set Is and the integer ks inductively as follows: If λis > 0, then let ks be the
smallest positive integer such that ks > λis and ks 6∈ Is−1. Define Is := Is−1 ∪ {ks}.
If λis = 0, let ks and k
′
s be the two smallest positive integers such that ks, k
′
s > λis
and ks, k
′
s 6∈ Is−1. In the case when n− ℓ(λ) is even, we let ks < k
′
s, while in the case
n− ℓ(λ) is odd, we let k′s < ks. Define Is := Is−1 ∪ {ks, k
′
s}.
Let θ = (θ1, . . . , θp) ∈ Z
p
2. Define Rθ(λ) to be the unique Sn-conjugate in Λ
+
Z of
λ+
p∑
s=1
θsks (δis − δjs) ∈ ΛZ.
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The following is the Main Theorem in [Br].
Theorem 2.3. (Brundan) Let µ ∈ Λ+Z . Then in K(O) we have
[E(µ)] =
∑
λ
dµλ[L(λ)],
where the summation is over λ ∈ Λ+Z such that there exists a θλ ∈ Z
p
2 with Rθλ(λ) = µ
and dµλ = 2
ℓ(µ)−ℓ(λ)
2 .
Remark 2.4. According to Theorem 2.3 the dµλs are always non-negative. Now restrict-
ing the g-action on L(λ) to g0¯, we can express the character of L(λ) as a non-negative
integral linear combination of Schur Laurent polynomials. Finally, using Proposition
2.2 we see that the coefficients gµλ in (2.7) have representation-theoretical interpreta-
tion and hence they are always non-negative integers.
3. Proofs of Theorems 1.2 and 1.4
The goal of this section is to establish the Gorelik-Grantcharov-Mazorchuk conjec-
ture in the case when the module is finite dimensional. We start by studying the
supercharacters of Verma modules.
Lemma 3.1. Let λ ∈ h∗
0¯
and ∆(λ) be the Verma module of highest weight λ. Then,
we have
sch∆(λ) =
{
0, if λ 6= 0,
1, if λ = 0.
Proof. We have ch∆(λ) =
∏
α∈Φ+ (1+e
−α)
∏
α∈Φ+ (1−e
−α) dim Iλ, and thus
sch∆(λ) =
∏
α∈Φ+(1− e
−α)∏
α∈Φ+(1− e
−α)
schIλ = schIλ.
Now, the lemma follows, because dim (Iλ)0¯ = dim (Iλ)1¯, for λ 6= 0. 
Proposition 3.2. For any λ ∈ h∗
0¯
we have schL(λ) ∈ Z. Furthermore, if λ 6 0, then
schL(λ) = 0.
Proof. The sets {[∆(λ)]|λ ∈ h∗
0¯
} and {[L(λ)]|λ ∈ h∗
0¯
} are two sets of basis for K(O).
Now, if ℓ(λ) is odd, then Π(L(λ)) ∼= L(λ) and also Π(∆(λ)) ∼= ∆(λ) in O0¯. On the
other hand, if ℓ(λ) is even then Π(L(λ)) 6∼= L(λ) and also Π(∆(λ)) 6∼= ∆(λ) in O0¯. Thus,
we have the following identity in K(O0¯):
[L(λ)] =
∑
µλ
aµλ[∆(µ)] +
∑
µλ;ℓ(µ) even
bµλ[Π (∆(µ))],
where aµλ, bµλ ∈ Z. The sum above is an infinite sum in general; however, for fixed
ν ∈ h∗0¯ and fixed ǫ ∈ Z2 such that (L(λ)ǫ)ν 6= 0 there are only finitely many µs such
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that (∆(µ)ǫ)ν 6= 0 with aµλ 6= 0 and only finitely many µs such that (Π∆(µ)ǫ)ν 6= 0
with bµλ 6= 0 and ℓ(µ) even. By Lemma 3.1, we have
schL(λ) =
∑
06=µλ
aµλsch∆(µ) +
∑
06=µλ;ℓ(λ) even
bµλschΠ∆(µ) + a0λsch∆(0) + b0λschΠ∆(0)
=a0λsch∆(0) + b0λschΠ∆(0) = a0λ − b0λ ∈ Z.
Now if λ 6 0, then a0λ = b0λ = 0, and hence schL(λ) = 0. 
We have the following immediate corollary.
Corollary 3.3. Let λ ∈ h∗
0¯
\ ΛZ. Then schL(λ) = 0.
Thus, Conjecture 1.1 is reduced to the case of λ ∈ ΛZ.
Proposition 3.4. Let {L(λ) : L0(µ)} and {L(λ) : ΠL0(µ)} denote the number of
composition factors in L(λ) isomorphic to the irreducible gl(n)-module L0(µ) of even
and odd parity, respectively. Suppose that λ 6= 0. Then {L(λ) : L0(µ)} = {L(λ) :
ΠL0(µ)}, for µ 6= 0. Furthermore,
schL(λ) = {L(λ) : L0(0)} − {L(λ) : ΠL0(0)}.
In particular, if [L(λ) : L0(0)] = 0 in the category of g0¯-modules, then schL(λ) = 0.
Proof. Let {L(λ) : L0(µ)} = dµλ and {L(λ) : Π(L
0(µ))} = eµλ. Then we have the
following identity in the Grothendieck group of the category of g0¯-modules:
[L(λ)] =
∑
µ
dµλ[L
0(µ)] +
∑
µ
eµλ[ΠL
0(µ)].
By Proposition 3.2 we have schL(λ) =
∑
µ(dµλ− eµλ)chL
0(µ) ∈ Z. Since {chL0(µ)|µ ∈
h∗
0¯
} is linearly independent, it follows that dµλ = eµλ, for µ 6= 0. Thus, schL(λ) =
d0λ − e0λ. 
Lemma 3.5. Let λ ∈ h∗
0¯
such that λ 6=
∑
α∈I α, for any subset I ⊆ Φ
+. Then in the
category of g0¯-modules we have [
L(λ) : L0(0)
]
= 0.
In particular, schL(λ) = 0.
Proof. It suffices to prove that in the category of g0¯-modules we have
[
∆(λ) : L0(0)
]
=
0, for λ as in the assumption of the lemma. For µ ∈ h∗
0¯
recall that ∆0(µ) denotes the
g0¯-Verma module of b0¯-highest weight µ.
We compute
ch∆(λ) =2[ℓ(λ)/2]ch∆0(λ)
∏
α∈Φ+
(1 + e−α)
=2[ℓ(λ)/2]
∑
I⊆Φ+
ch∆0(λ−
∑
α∈I
α).
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Now 0 is a dominant g0¯-weight. Hence, in order for L
0(0) to appear as a composition
factor in the g0¯-Verma module ∆
0(λ −
∑
α∈I α) we must have λ −
∑
α∈I α = 0, and
thus λ =
∑
α∈I α. The lemma follows. 
From Lemma 3.5 it follows that, for any fixed n, Conjecture 1.1 holds for all but
(possibly) a finite number of irreducible modules. Indeed, it was stated in [GG2] that
Conjecture 1.1 has been checked for all but finitely many irreducible modules, however,
the set of those irreducibles for which the conjecture may fail was not given in [GG2].
Recall ρ = 12
∑
α∈Φ+ α and we have 2ρ =
∑n
i=1(n− 2i+1)δi ∈ Λ
+
Z . Note that all the
coefficients of 2ρ are distinct.
Lemma 3.6. Let λ ∈ Λ+Z be such that all λis are distinct, and write Pλ =
∑
µ gµλsµ.
Then we have g0λ =
{
0, if λ 6= 2ρ,
1, if λ = 2ρ.
Proof. Since all the λis are distinct, λ− ρ is a gl(n)-dominant weight, and we have by
(2.6)
Pλ = ch
[
L0(ρ)⊗ L0(λ− ρ)
]
.
Now −w0ρ = ρ, where w0 is the longest element in Sn, and hence L
0(ρ)∗ ∼= L0(ρ).
Thus, in order for g0λ 6= 0, we need to have ρ = λ − ρ by Schur’s lemma, and hence
λ = 2ρ, in which case g0,2ρ = 1. 
Proposition 3.7. Let ν ∈ Λ+Z and assume that ν 6 0. Regarding L(ν) as a g0¯-module
we have
[
L(ν) : L0(0)
]
= 0.
Proof. By Theorem 2.3 we have
[E(λ)] =
∑
µλ
2
ℓ(λ)−ℓ(µ)
2 [L(µ)] ,(3.1)
where the sum is over all µs such that there exists θµ with Rθµ(µ) = λ. Taking characters
we get by Proposition 2.2
2⌈ℓ(λ)/2⌉Pλ = chE(λ) =
∑
µ
2
ℓ(λ)−ℓ(µ)
2 chL(µ).
Now, let ν ∈ Λ+Z . We can find a θ such that Rθ(ν) = λ with all the λis distinct. Then
[L(ν)] appears on the right-hand side of (3.1) as a non-zero summand. Now, if 0 6 ν,
then 0 6 λ, and hence we have λ 6= 2ρ. By Lemma 3.6 and Remark 2.4 the trivial gl(n)-
module L0(0) does not appear as a composition factor of L(µ) for any of the µs in (3.1).
Thus, in particular L0(0) does not appear in L(ν) and hence
[
L(ν) : L0(0)
]
= 0. 
We are now in a position to prove Theorem 1.4, which then together with Proposition
3.4 implies Theorem 1.2.
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Proof of Theorem 1.4. Let λ ∈ Λ+Z . By Proposition 3.7 it remains to prove the case
λ  0. We shall continue to use the notation of Section 2.4. Suppose that λit+1 = · · · =
λip = 0 and λit 6= 0, for 1 ≤ t ≤ p. Define θ = (θq)
p
q=1 ∈ Z
p
2 by
θq :=
{
0, if q = 1, . . . , t,
1, if q = t+ 1, . . . , p.
Define Rθ(λ) := Ψ ∈ Λ
+
Z . Then all the Ψis are distinct.
We distinguish two cases.
Case 1. In the first case Ψ 6= 2ρ. In this case we have the following identity in K(O)
by Theorem 2.3:
[E(Ψ)] =
∑
ν
2⌈(n−ℓ(ν)−1)/2⌉ [L(ν)] ,(3.2)
where the sum is over all such νs for which there exists a θν with Rθν (ν) = Ψ. Since
Ψ 6= 2ρ, we have by Proposition 2.2 and Lemma 3.6[
E(Ψ) : L0(0)
]
= 0.
By Remark 2.4 it follows that
[
L(ν) : L0(0)
]
= 0, for all ν on the right hand side of
(3.2), and in particular
[
L(λ) : L0(0)
]
= 0.
Case 2. In the second case Ψ = 2ρ. We first observe that choosing θ ∈ Z
⌈(n−1)/2⌉
2 such
that θq = 1 for 1 ≤ q ≤ ⌈(n − 1)/2⌉, we have Rθ(0) = 2ρ. Thus, we have the following
identity in K(O) by Theorem 2.3:
[E(2ρ)] = 2⌈(n−1)/2⌉[L(0)] +
∑
ν
2⌈(n−ℓ(ν)−1)/2⌉ [L(ν)] ,(3.3)
where the sum is over all such 0 6= ν such that there exists θν with Rθν (ν) = 2ρ. In
particular, we have
[E(2ρ) : L(0)] = 2⌈(n−1)/2⌉.
Now, chE(2ρ) = 2⌈(n−1)/2⌉P2ρ and by Lemma 3.6 [E(2ρ) : L
0(0)] = 2⌈(n−1)/2⌉ in the
Grothendieck group of g0¯-modules. This implies that
[
L(ν) : L0(0)
]
= 0, for all L(ν)
appearing in the right hand side of (3.3). Thus, in particular
[
L(λ) : L0(0)
]
= 0. 
Remark 3.8. An analogous statement as Theorem 1.4 does not hold for irreducible
modules in O. For example, let n = 3 and consider λ = 2δ1 − δ2 − δ3. We have
ch∆(λ) = 4
(
ch∆0(λ−
∑
α∈I
α)
)
,
where the sum is over all subsets I of {δ1 − δ2, δ2 − δ3, δ1 − δ3}. From this, an easy
calculation shows that in the category of g0¯-modules we have [∆(λ) : L
0(0)] = 4.
Clearly, λ is typical and λ 6 0. Thus, we have [∆(λ) : L(0)] = 0. This implies that one
of the q(3)-composition factors must have a gl(3)-composition factor equal to L0(0).
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Indeed, it is clear that for µ = wλ, w ∈ S3, and µ 6= λ we must have [L(µ) : L
0(0)] = 0
by weight consideration. It therefore follows that
[
L(λ) : L0(0)
]
= 4.
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